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Abstract 

We construct a class of discontinuous superprocesses with dependent spatial motion and 
general branching mechanism. The process arises as the weak limit of critical interacting- 
branching particle systems where the spatial motions of the particles are not independent. 
The main work is to solve the martingale problem. When we turn to the uniqueness of the 
process, we generalize the localization method introduced by [D.W. Stroock, Diffusion pro- 
cesses associated with Levy generators, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 
32(1975) 209-244] to the measure-valued context. As for existence, we use particle system 
approximation and a perturbation method. This work generalizes the model introduced 
in [D.A. Dawson, Z. Li, H. Wang, Superprocesses with dependent spatial motion and gen- 
eral branching densities. Electron. J. Probab. 6(2001), no. 25, 33 pp. (electronic)] where 
quadratic branching mechanism was considered. We also investigate some properties of the 
process. 

AMS 2000 subject classifications. Primary 60J80, 60G57; Secondary 60J35. 

Key words and phrases, measure-valued process, superprocess, dependent 
spatial motion, interaction, localization procedure, duality, martingale prob- 
lem, semi-martingale representation, perturbation, moment formula 

Abbreviated Title: Discontinuous superprocesses 



1 Introduction 

Notation: For reader's convenience, we introduce here our main notation. Let M denote the 
one-point compactification of M. Let denote the n-fold Cartesian product of M. Let M(M) 
denote the space of finite measure endowed with topological of weak convergence. We denote by 
A" the Lebesgue measure on M". Given a topological space E., let 53 (-E) denote borel cr-algebra 
on E. Let B{E) denote the set of bounded measurable functions on E and let C{E) denote 
its subset comprising of bounded continuous functions. Let C{W^) be the space of continuous 
functions on M"' which vanish at infinity and let C^{M^) be functions with compact support and 
bounded continuous derivatives of any order. Let C^(M") denote the set of functions in C(M") 
which is twice continuously differential functions with bounded derivatives up to the second 
order. Let C^{W^) denote the set of functions in C^(M") with compact support. Let C'^{W^) 
be the subset of C'^{W^) of functions that together with their derivatives up to the second order 
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vanish at infinity. 
Let 

C7j(R") = {/ + c : c G M and / G ^^(M")} 

and 

CliX) = {/:/£ C|(M") and (1 + \xf)D^f(x) G C{W), a = 1,2}, 

n n 

where f = ^ \df /dxi\ and D^/ = \d'^ f / dxidxj\. We use the superscript "+" to denote 

the subsets of non-negative elements of the function spaces, and "++" is used to denote the 
subsets of non-negative elements bounded away from zero, e.g., i?(M")"^, C{W^)^~^ . Let /* denote 
the first order partial differential derivatives of the function /(xi, • • • , x„) with respect to xi and 
let Z*-' denote the second order partial differential derivatives of the function /(xi, • • • , Xn) with 
respect to Xi and Xj. We denote by C ([0,oo),i?) the space of continuous paths taking values 
in E. Let D {[Q^oo),E) denote the Skorokhod space of cadlag paths taking values in E. For 
/ G C(]R) and ^ G Af(R) we shaU write (/, ^u) for / fd^i. 

A class of superprocesses with dependent spatial motion (SDSM) over the real line M were 
introduced and constructed in [181 119j . A generalization of the model was then given in [^. We 
first briefly describe the model constructed in [IJ. Suppose that c G C^(]R) and h G C(M) is 
square-integrable. Let 

p{x) = / h{y - x)h{y)dy, (1.1) 

and a{x) = c{x)^ + p{0) for x G M. We assume in addition that p G C^(M) and |c| is bounded 
away from zero. Let u be a nonnegative function in C^(M) and can be extended continuously 
to ]R. Given a finite measure fi on M, the SDSM with parameters (a, p, a) and initial state p, is 
the unique solution of the {£., /^)-martingale problem, where 

CF{p):=AF{p) + BF{p), (1.2) 



BF{p) ■.= \f a{x)^-^^p{dx), (1.4) 
for some bounded continuous functions F{p) on M(M). The variational derivative is defined by 

^JM= iin,hF{p + r6,)-F{p)], xeR, (1.5) 
dp[x) r-»o+ r 

if the limit exists and S'^F{p)/Sp{x)Sp{y) is defined in the same way with F replaced by 
{5F / 5p{y)) on the right hand side. Clearly, the SDSM reduces to a usual critical Dawson- 
Watanabe superprocess if h{-) = (see [2]). A general SDSM arises as the weak limit of 
critical interacting-branching particle systems. In contrast to the usual branching particle sys- 
tem, the spatial motions of the particles in the interacting-branching particle system are not 
independent. The spatial motions of the particles can be described as follows. Suppose that 
{VF(i, x) : X G M, t > 0} is space-time white noise based on Lebesgue measure, the common 
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noise, and {Bi{t) : t > 0, i = 1, 2, • ■ ■ } is a family of independent standard Brownian motions, 
the individual noises, which are independent of {W{t,x) : x G M}. The migration of a particle 
in the approximating system with label i is defined by the stochastic equations 

dxi{t) = c{xi{t))dBiit)+ [ h{y-Xi{t))Widt,dy), t>0, i = l,2,---, (1.6) 

where W{dt, dy) denotes the time-space stochastic integral relative to {Wt{B)}. For each integer 
m > 1, {(xi(t), • • • , Xm{t)) : i > 0} is an m-dimensional diffusion process which is generated by 
the differential operator 




In particular, {xi{t) : i > 0} is a one-dimensional diffusion process with generator G := 
(a(x)/2)A. Because of the exchangeability, a diffusion process generated by can be regarded 
as an interacting particle system or a measure-valued process. Heuristically, a{-) represents the 
speed of the particles and /)(•) describes the interaction between them. The diffusion process 
generated by A arises as the high density limit of a sequence of interacting particle systems 
described by p.6|) : see Wang [THl IS] and Dawson et al [3]. There are at least two different 
ways to look at the SDSM. One is as a superprocess in random environment and the other as 
an extension of models of the motion of the mass by stochastic flows (see |13|). Some other 
related models were introduced and studied in Skoulakis and Adler [15]. The SDSM possesses 
properties very different from those of the usual Dawson- Watanabe superprocess. For example, 
a Dawson- Watanabe superprocess in M(R) is usually absolutely continuous whereas the SDSM 
with c(-) = is purely atomic; see Konno and Shiga and [31 [20], respectively. 

To best of our knowledge, in all of the work which considered the SDSM and related models 
only continuous processes have been introduced and studied. In this paper, we construct a class 
of discontinuous superprocesses with dependent spatial motion. A modification of the above 
martingale problem is to replace operator B in (II. 2p by 

BFif^) = \f cT(x)^^/.(dx) 
2 7k d^i[xY 

+ ^ /i(dx) (f(^ + e<5.) - F(^) - ^-^dj lix, do, (1.8) 

whose coefficients satisfy: 

(i) a G C|(]R)+, 

(ii) 7(x, d^) is a kernel from M to (0, +00) such that sup[/p*'°° A ^^7(x, d^)] < +00, 

X 

(iii) /r e A f-/{x, dO e C^(M) for each F G 53((0, 00)). 

A Markov process generated by £ is a measure-valued branching process with branching mech- 
anism given by 

^{x, z) := -a{x)z'^ + / (e""^^ - 1 + z^)7(x, dO- 
^ Jo 

This process is naturally called a superprocess with dependent spatial motion (SDSM) with 
parameters (a, /), ^). This modification is related to the recent work of Dawson et al [1], where 
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it was assumed that 7(2;, d^) = 0. Though our model is an extension of the model introduced 
in Wang \W\ and Dawson et al [3], the construction of our model differ from theirs. We 
describe our approach to the construction of our model in the following. 

The main work of this paper is to solve the {C, /i)-martingale problem. As for uniqueness, 
following the idea of Stroock [16| a localization procedure is developed. Therefore, we do not 
consider the {C, /i)-martingale problem directly. Instead, we will first solve the (£', /i)-martingale 
problem, where 

C'Fif,):=AFif,)+B'F{^L), (1.9) 



+ 

and we make the convention that 



/ fiidx) f (f{^ + ^4) - Fif,) - ^-f^dj l{x, dO. (1.10) 
Jr Jo V ^fi{x) ) 



and 

(0,0 Ji J 11,00) 

for < Z < 00. We regard the (£', /i)-martingale problem as the 'killed' martingale problem. 
We shall see that the Markov process associated with the 'killed' martingale problem also arises 
as high density limit of a sequence of interacting-branching particle system and it is an SDSM 
with branching mechanism given by 



^oix,z) 



1 roc rl 

-a{x)z^ + ^7(x, dOz + (e-^« - 1 + zi)^{x, dO- 



It is easy to see from the branching mechanism that the process is a subcritical branching process 
with all 'big' jumps such that the jump size is larger than I been 'killed'. We will use duality 
method to show the uniqueness of the 'killed' martingale problem. We shall construct a dual 
process and show its connection with the solutions of the 'killed' martingale problem which gives 
the uniqueness. When we establish the dual relationship, we point out that there exists a gap in 
the proof of establishing the dual relationship in [3j; see Remark 12.21 in Section 2 of this paper 
for details. Then a localization argument is developed to show that if the (£', /x) martingale 
problem is well-posed then uniqueness holds for the (£, //)-martingale problem. The argument 
consists of three parts. 

In the first part, we show that each solution of the {C, /i)-martingale problem , say X, behaves 
the same as the solution of the killed martingale problem until it has a 'big jump' whose jump 
size is larger than I. Intuitively, one can think of the branching particle system as follows. In 
the branching particle system corresponding to the {C, //)-martingale problem, if a particle dies 
and it leaves behind a large number of offsprings, say more than 500, which always be regarded 
as a 'big jump' event, we kill all its offsprings. Then we get a new branching particle system and 
before the jump event happens the two systems are the same. The evolution of the new particle 
system represents the behavior of the solution to the 'killed' martingale problem. It is clear that if 
the original branching particle system is a critical system, the new particle system is a subcritical 
branching system. Since the 'killed' martingale problem is well-posed, X is uniquely determined 
before it has a 'big jump'. Next, we show that when a 'big jump' event happens, the jump size 
is uniquely determined. This conclusion is not surprising either. Given a branching mechanism. 



in a branching particle system, when a particle dies, the distribution of its offspring number 
is uniquely determined by the position of the particle itself (we assume that the branching 
mechanism is independent of time). Thus we can find a predictable representation for the jump 
size. According to the argument in the first part, we see the jump size is uniquely determined. At 
last, we can prove by induction that the distribution of X is uniquely determined, since after the 
first 'big jump' event happens, X also behaves the same as the solution of the 'killed' martingale 
problem until the second 'big jump' event happens. Before we use the localization procedure, we 
follow an argument taken from El-Karoui and Roelly-Coppoletta [7j to decompose each solution 
of the {C, /i)-martingale problem into a continuous part and a purely discontinuous part. We 
will use this argument again when we show the existence of solutions to the {C, /i)-martingale 
problem; see next two paragraphs. 

When we turn to the existence we also first consider the existence of the 'killed' martingale 
problem. Although the solution of the 'killed' martingale problem is also an SDSM which arises 
as high density limit of a sequence of interacting-branching particle systems, in order to deduce 
the martingale formula the techniques developed in Wang \18\ [19] and Dawson et al [1] can 
not be used directly because of the third item in the branching mechanism ^q. We will use 
the martingale decomposition and special semi-martingale's representation to get the desired 
result. Our approach is stimulated by El-Karoui and Roelly-Coppoletta [7], who considered the 
martingale problem of the usual Dawson- Watanabe superprocess. We briefly describe the main 
idea in next paragraph. 

First, a sequence of subcritical branching particle systems is constructed. Let X = [Xt)t>o 
denote a limit of the particle systems. Then we derive the special semi-martingale property of 
{exp{ — (i;^, : t > 0} with (j) bounded away from zero by using particle system approximation, 
and obtain a representation for this semi-martingale. This approach is different from that of 
[7], where log-laplace equation was used to deduce the semi-martingale property. Next, we 
consider an integer- valued random measure N{ds,dv) = X^^^q -'^{AXs^o}^(s,A^s)('^'^' ^^"^ 
an approximation procedure we can show 

1 pt POO 

Mt{^) := (</., Xt) - (</>, Xo) - - {acp", Xs)ds + ds{ ^ C7(-, '^O'/', X,) (1.11) 

is square-integrable martingale which can be decompose into a continuous martingale {M^{<p) : 
t > 0} and a purely discontinuous martingale {Mf{(p) : t >0}. We have 

I rt rt POO 

{(t>,Xt) = {<^,X^) + -j^{a4>\X,)ds + Mi{4>)+Mf {(!>)- J^dsiJ^ ^^{■,dC)cP,X,), (1.12) 

and M'^(^) can be represented as a stochastic integral with respect to the corresponding mar- 
tingale measure of N{ds,di'). This argument is also different from the argument of [7], where 
according to the semi-martingale property of {exp{ — (c^, X^)} : t > 0} only semi-martingale 
property of {{(p^Xt) : t > 0} with bounded away from zero was derived. By the martingale 
decomposition ()1.12p we can obtain another representation for semi-martingale {exp{— ((/>, Xt)} : 
t > 0}. By identifying two representations for {exp{—{(p,Xt)} : t > 0} mentioned above, we 
know the explicit form of the quadratic variation process of {Mf ((/>) : t > 0} and the compen- 
sator of the random measure N{ds, dv). Then we can deduce X satisfies the martingale formula 
for the (>C', ;u)-martingale problem. At last by a perturbation method we show the existence of 
the (>C, ;u)-martingale problem. 

The remainder of the paper is organized as follows. In Section 2, we first introduce the 'killed' 
martingale problem and define a dual process and investigate its connection to the solutions of 



the 'killed' martingale problem which gives the uniqueness of the 'killed' martingale problem. 
Then we deduce that the uniqueness holds for the (C, /i)-martingale problem. In Section 3, we 
first give a formulation of the system of branching particles with dependent spatial motion and 
obtain the existence of the solution of the 'killed' martingale problem by taking high density 
limit of particle systems. Then a perturbation argument is used to show the existence of the 
(£, //)-martingale problem. We compute the first and second order moment formulas of the 
process in Section 4. 

Remark 1.1 By Theorem 8.2.5 of |f , the closure ofiif,^^/) : / G C;?°(M™)} which we still 
denote by G™ is single-valued and generates a Feller semigroup (P™)t>o on C{W^). Note that 
this semigroup is given by a transition function and can therefore be extended to all of B{M."^). 
We also have that (1,0) is in the bp-closure of . 

2 Uniqueness 

2.1 Killed martingale problem 

In this section, we first introduce the killed martingale problem for the SDSM and show the 
uniqueness holds for the killed martingale problem. 

Definition 2.1 LetV{C)=[j^^,{F{ii) = f{{cPi,fi),---,{4>m,fi)), / G ^^(M"), {<^i} C C2(]R)+}. 
For fi G M(R) and an M{M.)-valued cddldg process {Xt : t > 0}, we say X is a solution of the 
{C, fx) -martingale problem if Xq = /i and 

F{Xt) - F{Xo) - [ CF{Xs)ds, t > 0, (2.1) 
Jo 

is a local martingale for each F G 'C>{C) and for I > 1, we say X is a solution of the (£',/i)- 
martingale problem if Xq = fj, and 

F{Xt) - F{Xo) - f C'F{Xs)ds, t > 0, (2.2) 

JO 

is a local martingale for each F G 'D{C). 

Let V^{C) = U^=o{/(('^i'/^)'--- / e Cl{W^), {0,} C C2(R)++}. Note that for 

F{p)(^VQ{C)yjV{C), 

^ m 




1 



2 



+ / Kdx) / {f{{4>l,fl) + ^(plix),- ■ ■ ,{(f)rn,f^) +^4>m{x)) 
JR Jo 

m 

- • • • , (0™, - i Yl /'((-^i' • • • ' i<t>m, f^))Mx)h{x, dO (2.4) 

i=l 

and 

^'^(^*) = ^ 5^ r((</'l,/^),--- ,(</'m,/^))(cT0.</'„;u) 

= 1 

/■OO ^ 

/i(d2;) / ^7(x,dC) y]/X('Ai,A'), • • • , (0m,^))</'i(2;) 
• i=i 

+ I fJ-idx) / {/((<^l,/i) +^(/>l(x), • • • /i) +C</'m. (2;)) 

JO 

m 

- /((01, /^), • • • , (</'m, /^)) -CYl /*(('^i' ■ • • ' ('/'m, /i))</'i(2;)}7(2;, a!0.(2.5) 

1=1 

Thus for every F € Po(^)) both £F and C'F are bounded functions on M(M). 

Remark 2.1 Let G C2(M'") safe/y 1b(o,i) < < Ib{o,2) and hk{x) = h{x/k) G Cf(R'"). 
T/ien /or eac/i (/> E C2(]R)++, it care be approximated by {cph/^} C C^(]R)"'" m smc/i a way that 
not only cj) but its derivatives up to second order are approximated boundedly and pointwise. 
Therefore when X is a solution of {C, fj,) -marling ale problem (or (C , fj,) -martingale problem), 
112. 1\) (or (KM)) is a martingale for F G 'Dq{C). On the other hand, for every (p E C|(M)+, 
we can approximate (j) by {(j) + 1/n} C Cg(]R)^""*" C C^(M)++ in the same way. Thus if 112. 1]) 
(or Ii2.^) ) is a martingale for every F G T>q{C), it is a local martingale for every F G T>{C). 
We shall see that any solution of the (C , fx) -marling ale problem has bounded moment of any 
order. Thus if X is a solution of the {C , fx) -martingale problem, 112. 2\) is a martingale for every 
F G Vo{C)UV{£). 

We shall see that the Markov process associated with (C, /x)-martingale problem is a subcritical 
measure- valued branching process with branching mechanism given by 



^o{x, z) := -a{x)z^ + C7(x, di)z + (eT^^ - 1 + 



zi)l{x,di). 



For i >2, let := sup2.[/q Cli^, d^)]. We first show that each solution of the {C , /i)-martingale 
problem has bounded moment of any order. 

Lemma 2.1 Suppose that is a probability measure on D([0, -\-oo) , M (R)) such that under 
loq = fi a.s. and {ujt : t > 0} is a solution of the {C , fi) -martingale problem. Then for 
n > l,t > we have 

Q'^{{l,LOtr} < ^2V2 + (l,/^r + Ci(n,7) [' Q'^{{l,ujs)}ds 

t t 
+C2(n,a,7) / Q'^{{l,uj,r'^}ds + C3{n,-f) / Q;,{(l,a;,)"}ds, (2.6) 
Jo Jo 

where Ci{n,^), C2(n,(T,7) and C^{n,^) are constants which depend on n, a andj. 



Proof. Let n > 1 be fixed. For any k > 1, take fk € Cq{M.) such that fkiz) = z"' for < z < k 
and \ f'^{z)\ < nz"""^, f'^{z) < n^z""-^ for ah z > k. Let F^ifi) = Then AFk{fi) = 

and 



2' 

+ / fiidx) [ {fk{{l,^^)+0-fni{h^^))-ULi{h^^))h{x,dO 



JR JO 
1 f°° 

< n2||a|Kl,/ir-i+sup[/ ^^{x,dO]n{l,fiy 

^ X Jl 

+ / f^idx) f\n\{l,ij.)+ir-^ei{x,di). 
Jr Jo ^ 



Then we deduce that 



/•oo 

^'Ffc(^) < Ci(n,7)(l,^) + C2(n,a,7)(l,/i)"-i +nsup[ / i^ixAiW.P^T . 

X Jl 

where C2in,a,j) = n^\\a\\/2 + la2n^2'^"'-^^'^^ and 



Ci(n,7) 



^22(n-3)V0^^/2, n>2, 
0, n=l. 



We have used the Taylor's expansion and elementary inequality 

(c + rf)^ < 2(^-1)'/° (c^ + d^), for all p,c,d> 0. 
Note that Fk € I'oC'C). Thus 

Ffc(cut) - Ffc(u;o) - / C'FkiuJs)ds, t > 0, 

JO 

is a martingale. We get 

Q;/fc((l,^t)) < /fe((l,A^)) + Ci(n,7) [ Q'^{{l,u,))ds 

rt 







+C2(n,a,7) / Q;((l,a..)"-^)ds + C3(n,7) / Q;((1, u;,)")ds, 

JO JO 

where (73(71,7) = nsup^^. [/-|^ ^7(x, d^)]. Now inequality ()2.6I) follows from Fatou's Lemma. □ 
Observe that, if = for / G C72(M™), then 

1 /■ ™ 

= i^m,G™/(M), (2.7) 

and 

^ m „ 

,m— 1 ; 



1 /■ 

B'Fr^,Ji^^) = - ^ / 



^ij/(xi, • • • , Xm._l)fi"^ (dxi, • • • , C?Xm-l) 



m „ 

+ / y^^n,-,ia/(2;i, • • • ,Xm-a+l)^^'^~''^^{dxi,- ■ ■ ,dXm-a+l) 

/'OO 



where {a} = {1 < ii < ^2 < • • • < "^a < "i}- denotes the operator from B{W^^ to i?(M'^ ^) 
defined by 

'^ijf{xi, ■ ■ ■ ,Xm-l) = a{Xm~l)f{xi, ■ ■ ■ ,Xm-l, ' • • ,Xm-l, ' • • ,Xm-2), (2.9) 

where x^-i is in the places of the ith and the jth variables of / on the right hand side and 
<I>ii,...,i^ denotes the operator from i?(]R™) to i?(]R™'~"+^) defined by 

Jo 

(2.10) 

where Xm-a+i is in the places of the iith, i2th, • • • , i^th variables of / on the right hand side. 
For X = (xi, • ■ ■ ,Xm) e M™, let b{x) = YT=i 1/°° ^li^i^di). It follows that 

^ m m 

+ 2 E ^m,-l,vt,,/(Ai) + EE^™-'^+l-*n.-../(/^)- (2.11) 

*.i=l.«7^i ^^=2 {a} 



Lemma 2.2 Suppose that Q' is a probability measure on D{[0, +oo), Af(]R)) suc/i ^/ia< under Q' 
{wf : t > 0} is a solution of the {£', fi) -martingale problem. Then 

F{iOt) - F{loo) - [ C'F{uJs)ds, t > 0, (2.12) 
Jo 

under Q' is a martingale for each F{fi) = Fmj{^) = (/, /Lt™) with f € C^(]R"*). 
Proof. For any > 1, take fk G C^(M™) such that for < < /c, 1 < i < ?n, 

m 

fk (,X\ ) ■ ■ ■ ; 3;^,) — ^^j . 

't=l 

For {(jji} C let Ffc(^) = /fc((</.i, • /x)). Then linifc^oo i^fc(/^) = i^m,/(/i) for 

ah yu G M(M) and if for every 1 < i < m, < (<^i,//)^ + < A;, we have 

£'Ffc(/i) = /:'F„,j(/i). 

Introduce a sequence stopping times 

Tfc := inf{t > 0, there exists i G {1, • • • m} such that {(f>i,uJt)'^ + /^j|<^j|p > /c} A /c. 

Then ^ oo as /c ^ oo. Suppose that C C(M(M)) and < < • • • < t„ < t„+i. By 

Lemma l2. II and the dominated convergence theorem we deduce that 

Q'<^ [F,r.,/(a;t„+:) - Fm.jM " / /:'F^,/(^.)ds] J] ^('^t J 



iU 



= lim Q'i [Ffc(u;t„^J -Ffc(wiJ - / " C Fu{u;,)ds\J{H{uu) I 

( ftn + l rtn + 1 "I 

+ ^lirn Q'<^ [ / C'Fk{LOs)l{r,<s}ds - / £'F„j(a;,)l|,^.<,|ds] J] i^K) \ 

\. tfi 'J tn, i=\_ ^ 

= 0. 

That is under Q' 

Fmj{i^t) - FmjiuJo) - / £'Fjn,f{uJs)ds, t > 0, 

Jo 

is a martingale for / = UZi^i^i with {^J C C2(R)++(and therefore {(pi} C C^{R)). Since 
/ € C^(M) can be approximated by polynomials in such a way that not only / but its derivatives 
up to second order are approximated uniformly on compact sets, by an approximating procedure 
(pl2]) is a martingale for F{ij) = {f,f-i"') with / G C2(M'") (see 0, p.501). By Remark 
[LTl (1, 0) is in the bp-closure of G"". In fact, let h € C2(M™) satisfy Ib{o,i) < h < Ib{o,2) 
and hk{x) = h{x/k) G C^iR""). Then for / € C'^{R"'), we can approximate {f.G^f) hy 
{fhk, G^fhk}. According to (|2.1ip and Lemma [2.H we see the desired result follows by another 
approximating procedure. □ 

Let := — b. By Theorem 5.11 of [5], there exists a diffusion process on C{W^) generated 
by |(72(]R77i') (and therefore G^^ \(j2(^m-^)- Its transition density q^{t,x^y) is the fundamental 
solution of the equation 

Yt = ^'>- (2.13) 
The semigroup corresponding to the operator G™ is defined by 

rr/(x)= / q^(t,x,y)f{y)dy (2.14) 



for / G G(M™') and can therefore be extended to all of B{W^). According to 0.24.^2 of [3], for 

/ G G(M'^ 



lim y Q-(t,x,y)/(y)(iy = /(x) [x G M'"), 

where the convergence is uniform on every bounded subset. On the other hand, {T[^)t>o is 
strong Feller, i.e., for / G 5(M™) and t > 0, T^^f G G(M""). In fact, according to 1° of the proof 
of Theorem 5.11 of [5], T^^f G G2(M™) satisfies equation (I2T3D . Hence for / G G2(R"^) 

i t t Jq 

Therefore 

where the convergence is bounded and pointwise. Let G^ denote the weak generator of (T™)j>o. 
Thus G2(M"^) belong to the domain of G^^ and r/"G2(R'") c C^iR""). Also, G^|c2(r-)~= 
G™|(^2(igm). Let p™(i, X, y) denote the transition density corresponding to the semigroup {P^)t>o- 
According to 6° of the proof of Theorem 5.11 of [S], we see for ah t > 0, x e R"^, A G *B(M"'), 

p"'{t,x,y)dy> [ q"'{t,x,y)dy. 
A J A 



ii 



Therefore, for / G 

prm>Trf{x). 

Next, we define a dual process and reveal its connection to the solutions of the (£', /i)-martingale 
problem. 

Let {Mt : t > 0} be a nonnegative integer- valued cadlag Markov process. For i > j, the 
transition intensities {qij} defined by 



- 1) + 2 J i/ j = i-l 



and Qij = for i < j. Let tq = and tmq = oo, and let {r^ : I < k < Mq — 1} be the sequence 
of jump times of {Mt :t>0}. That is n = inf{t > : Mj / Mq}, • • • , = inf{t > rfc_i : Mj / 

Let {Ffc : 1 < /c < Mq — 1} be a sequence of random operators which are conditionally indepen- 
dent given {Mt ■ t >0} and satisfy 



p{rfe = ^ij\M{Tk-) = i,M{Tk) = 1-1} = 1 < i / j < 



1 

2Z(Z~ 1) 



P{rfc = ^,^,,^\M{Tk-) = l,M{Tk) = 1-1} = J(J^, l<k<i2<l, 



and for a > 3, 



P{rfc = $i,,..,ijM(rfe-) = l,M{Tk) = l-a + l} = 1 < n < • • • < «a < 



a 



where and ,i„ are defined by (|2.9p and (|2.1U|) respectively. Let B denote the topological 
union of {B{W^) : m = 1,2, ■ ■ ■ } endowed with pointwise convergence on each i?(M™). Then 

Yt = T'!lirkT^J_';-^\Tk-i---T^'^^^^^ Tk<t<n+i, 0<k<Mo-l, (2.15) 

defines a Markov process {Yt '■ t >0} taking values from B. Clearly, {{Mt,Yt) : t > 0} is also a 
Markov process. Let E^'^ denote the expectation given Mq = m and Yq = f £ B(W^). 

Theorem 2.1 Suppose that {Xt : t > 0} is a cadlag M(M.)-valued process. If {Xt : t > 0} is a 
solution of the (C , fi) -martingale problem and assume that {Xt t > 0} and {{AIt,Yt) ■ t > 0} 
are defined on the same probability space and independent of each other, then 

E if, XT) = K^f [ {Yt, ) exp { j\2''^ + ^^^^^-^^ - M, - 1)^4] (2.16) 
for any t > 0, f (z i?(M™) and integer m > 1. 

Proof. In this proof we set F^{m,f) = FmjifJ-) = (/, /i"*). By Lemma |2.H we have that for 
each m > 1, E[(l,Xf)'"] is a locally bounded function of t > 0. Then by martingale inequality 
we have that E[supo<s<t (1, ^s)™'] is a locally bounded function of i > 0. 



By the definition of Y and elementary properties of M, we know that {(Mt,Yt) : t > 0} has 
weak generator C* given by 

^ m 

C*F^{m, /) = F^{m, f) + 3 E [^/^("^ " 1' ^^^•^) " 

+ E( E [F^{m-k + l,^,,,..,J)-F,{m,f)]\ (2.17) 

fc=2 \{l<«i<---<«fe<m} / 

with / G C2(M™). In view of (ITTTD we have 

C*F^{m, /) = /:'F„j(^) - (2™ + im(m - 1) - m - l)F^(m, /). (2.18) 

Then it is easy to verify that the inequalities in Theorem 4.4.11 of |6] are satisfied. Then the 
desired conclusion follows from Corollary 4.4.13 of [6]. □ 

Remark 2.2 We point out that there exists a gap in the proof of establishing the dual relation- 
ship of There it was assumed a is a bounded measurable function and 7 = 0. When they 
established the dual relationship, they used a relationship which is similar to 112. 18\) . However, 
note that h2.18\) makes sense if f & T>{G^) and Yt need not always take values in V{GJ^) if 
we only assume that a is a bounded measurable function and G^ is elliptic. If we assume that 
a £ Cq{M.) and is uniformly elliptic, then the argument there can be applied to establish the 
dual relationship there. If c = 0, G^ need not always be uniformly elliptic. Our methods cannot 
be applied to obtain the uniqueness of the corresponding martingale problem. Dawson and Li 
1^ constructed SDSM from one- dimensional excursion when c = and ^{x,d(,) = 0. From the 
construction there, an important property of the SDSM was revealed. That is when c = 0, the 
process always lives in the space of purely atomic measures. We can also follow the idea there 
to construct discontinuous SDSM. 

Theorem 2.2 Suppose that for each ^ G iVf(M) there is a probability measure on -D([0, 00), Af(R)) 
such that Q^{(1, wt)*"} is locally bounded in t > for every m > I and such that {cot ■ t > 0} 
under is a solution of the {C' , ^) -martingale problem. Then Q' := {Q^ : ^ € M(M)} defines 
a Markov process with transition semigroup {Qt)t>o given by 



(2.19) 



for feB{ 



Proof. Let Qt{n, ■) denote the distribution of tot under Q^. By Theorem 12.11 we obtain (j2.19p . 
We first consider the case that cr(x) = (Tq for a constant (Jq ^^nd 7(2^1 dO = li^S,) such that 
^{d£,) = 0. In this case, {(1, w^) : t > 0} is a critical continuous state branching process with 
generator £ given by 

£/(^) = lcToxf{x)+xj\f{x + 0-fix)-U'{x))m) (2.20) 

for / G C^(M). By Kawazu and Watanabe [11] we deduce that 

/ e^<i'^>Qt(Ai,f^i^) =e<^'^>^(*'^\ t > 0, A > 0, 
Jmim.) 



where ip{t, A) is the sohition of 



and R{X) is given as fohows: 

RiX) 



2 

Then for each / G the power series 



(t,A)=i?Mt,A)), 



^aoX^- |\e-^^-l + XOm)■ 



°° 1 r 

E^/ {f,^rQ't{f^,du)X"^ (2.21) 



has a positive radius of convergence. By this and Theorem 30.1 of [T], it is easy to show that 
•) is the unique probabihty measure on M(IR) satisfying (12.190 . Now the result follows from 
Theorem 4.4.2 of [U]. For general case, let uo = \\a\\ and f'^^{xi, ■ ■ ■ ,Xm) = fi^i) ■ ■ ■ f{xm)- 
We can find a measure "y{d^) on (0, +oo) such that for every k >2 

:= sup[ /' eiix, dO + f il{x, dO\ < f ei{dO < oo 

X Jo Jl Jo 

and Ji°° j{d£,) = 0. In fact, since Z > 1, we can let 7 (d^) = (A;i + l)C^l(o^/)(^)(i^, where denotes 
the Lebesgue measure and ki = m.m{k > 2 : /{k + 1) > 1}. We obtain that for each k >2 

sup[/'eS(^,de)] fern)- 

X Jo Jo 

By ([239]) and (|2T5]) we have 

J^^^Jf,urQ'An,du) < E;-I^^„ [(y*,/^'>exp (2*^^ + ^^'^^^^ ~ - M, - 1) ds^ 

for / G i?(IR)"'". Then the power series (I2.2ip also has a positive radius of convergence and the 
desired result follows as in previous case. □ 

Remark 2.3 From 12.11\) . we may regard the Markov process associated with {C , ^) -martingale 
problem as a measure-valued branching process with branching mechanism given by 

1 

z) := -a(x)z2 + / (e-^« - 1 + z^)^{x, d^- 
^ Jo 

and its spatial motion is a diffusion process generated by 

i=l * i,j=l,ij^j ■' i=l 

which represents 'G"^- diffusion killed at a rate YliLi fi°° Cli^i, d£,) '; see Rogers and Williams 
and references therein for more details of 'Markov process with killing'. 
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2.2 Uniqueness for (£, /i)-martingale problem 

In this section, we will consider a localization procedure suggested by Stroock [TB] to show that 
the uniqueness for the (£, //)-martingale problem follows from the uniqueness of the {C , /j,)- 
martingale problem. Although some arguments in this subsection are similar to those of [7] and 
[16j . we shall give the details for the convenience of the reader. We assume that the for each 
H S M(M), /i)-martingale problem is well-posed. The existence for the (£', /i)-martingale 
problem will be revealed in Section 3. Let Q' denote the Markovian system defined in Theorem 
12. 2i Let Q'^^^ = Q'{-\uJs = fi). Then Q'^^^ is also a Markovian system starting from whose 
transition semigroup is the same with Q'. 

Let {uJt : t> 0} denote the coordinate process of D{[0,oo),M{R)). Let Q = D([0, oo), M(M)). 
Set J't = crWs : < s < t}, and take ^* = a{ujs ■ t < s}. 

Definition 2.2 For fi G Af(]R), we say a probability measure Qs,^ on is a solution of 

the {jC, ii) -martingale problem if Qs,fiiuJs = ^) = 1 md 

F{LOt) - F{fi) - CF{uJu)du, t > s, (2.22) 
is a local martingale for each F € 'D{C). 

In the following we will write instead of Qo,^ and write J- instead of J-^ . Let S'(M) denote 
the space of finite signed Borel measures on M endowed with the cj-algebra generated by the 
mappings n ^ for all / G C(M). Let 5(M)° = 5(M) \ {0} and M(M)° = M(R) \ {0}. The 

following theorem is analogous to Theorem 7 of [7]. 

Theorem 2.3 Suppose that a probability measure on is a solution of the {£.,fi)- 

martingale problem. Define an optional random measure N{ds, dv) on [0, oo) x ^(IR)" by 

N{ds,dv) = 

where Acj^ = LOg — Us- € ^(IR). Let N{ds,dv) denote the predictable compensator of N{ds,dv) 
and let N{ds,dv) denote the corresponding martingale measure under Q^. Then N{ds,dv) = 
dsK{uJs, dv) with K{^.,dv) given by 

[ F{u)K{pi,dv)= [ ^x{dx) r F[i6Mx,di), 
Jm{r)° Jr Jo 

andfor(l)eC^{R)+, 

1 /■* 

Mt{<P):={cl),u;t)-{(p,tJ')-i^ {a<P",u;s)ds, t>0, (2.23) 

^ Jo 

is a martingale and we also have that 

Mt{(t>) = Mt'{4>) + Mf{4>), 
where M^{(j)) under is a continuous martingale with quadratic variation process given by 

(M'=(</.))t= (\(j4>\ujs)ds+ f ds [ {h{z -■)(/)', LOsfdz, (2.24) 

Jo Jo JR 



and 



and 

Mf{(p)= I I {^,u)Nids,du) (2.25) 
JO Jm{r)° 

is a purely discontinuous martingale under Q^. 

Proof. Some arguments in the proof of this theorem are similar to those of Theorem 6.1.3 of 
P]. The proof will be divided into 4 steps. 

Step 1. Since e-<<^''^> G Vq{C) for G C2(R)++, 

JO ^ ^ JM 

(2.26) 

is a Q^-martingale with (/> G C^(M)^"*", where ^{(j)) := ^'(x, i;^(x)). Therefore, {VFt(</!))} is a local 
martingale for (j) G C^(M)+. Let 

Zt{4>) := exp{-((/),a;t)}, 
iTt(</>) := exp| - {^,^t) + 1^ [^(a</>",c^s) " ^^W^ " " ('f (0), u;^)] t^^j 

yt((/.) := exp I 1^ [^{a4>",ujs) -\ jj^h{z - •)0',c^s)'dz - (^'(,/.), c^,)] dsj. 

By integration by parts, 

t 

Ys{(k)dWs[(l)) 
' Ys{ct>)dZs{<P) 

- /"V,(,/<)e-<<^''^^>[-^(a0",u;,) + J / {h{z -■)(!)' ,ujsfdz + {^{ct>),LOs)]ds 

Jo ^ ^ JK 

is a Q^-local martingale. We also have 
and, again by integration by parts, 

dZt(</.) = Y^~\4>)dRt{4>)^iiiA4>)dY^-^{4>) 

= Yf\c^)dHt{<P) 

+Zt^{cb)[-l{acl)",iOt^) + l- [ {h{z--)<P',uJt^fdz + {^{<P),iOt^)]dt. (2.27) 

^ JR 

Then {Zt{<j)) : t > 0} is a special semi-martingale with cj) G C^(]R)~'" (see Definitions 1.4.21 of 
l). 

Step 2. By the same argument as in the proof of Lemma 12. H we have that 











Q^,[ujt{l)] < (l,/i) + Ci(a,7) [ Q^[uJs{l)]ds 

Jo 



where Ci((7, 7) := ||fj|| + 2 sup^ .^7(rc, d^) + sup^ /^^ ^^7(2;, d^). By Gronwall's inequality 

Q^K(l)] < (l,/i)e^i(^'^)*. (2.28) 

For any k > I, take fk G C'q(IR) such that fk{x) = xfor\x\<k and < 1 for ah 2; G M. 

We see for each ^ G C^C"' ' 



lim fk{{(p,f^)) = {4>,fj) and hm £fk{{(p,n)) = ]-{a(t)" , ^x) . 

fc^oo fe— »oo Z 

Since fkii^P, fJ-)) G I?o(>C), by (j2.28p and dominated convergence theorem an approximation 
argument shows that for (/> G C^(~ 



where {Mt{(p) : t > 0} is a martingale. For (j) G C^(M)"'', we have {Mt{(p + ^)} martingales 
for e > 0. By letting e ^ 0, p. 280 ensures that 

1 ft 

Mt ((/)) = - -- / {a(f)" ,uJs)ds, t>0, 

^ Jo 

is a martingale for (j) G C^(M)'^. By Corollary 2.2.38 of [9], {Mt{4')} admits a unique represen- 
tation 

where {M^((f>)} is a continuous local martingale with quadratic variation process {Ct{(p)} and 

Mf{^)= r [ {^,u)N{ds,du) (2.29) 
JO J5(R)° 

is a purely discontinuous local martingale. Moreover, {(0, w^)} is a semimartingale. An appli- 
cation of Ito's formula for semimartingale (see Theorem 1.4.57 of [9]) yields 

dZM) = Zt^m-dUt{^) + ldCt{4>)+ [ {e-^'t''''^ -l + {4>,u))N{dt,du)] 

^ Js{R)° 

+d{loc.mart.), (2.30) 

where Ut{(j)) = | ^^{acf)" ,ujs)ds is of locally bounded variation. Note that 

< Z,_(<A)(e-<'^'^> - 1 + (</.,!.)) < C{\{^,v)\ A 

for some constant C > 0. According to Theorem 1.4.47 of [9], ^j,<j(((/>, Aw^))^ < 00. Thus the 
first term in (j2.30p has finite variation over each finite interval [0,t]. Since {Zt ((/>)} is a special 
semimartingale, Proposition 1.4.23 of [9] implies that 

/ Z,_((^)(e-<'^''^> - 1 + {<P,u))N{ds,dv) 
J5(R)° 

is of locally integrable variation. Thus it is locally integrable. According to Proposition 2.1.28 
of [9], 

rt+ r 

Z,_(0)(e-<<^'^> - 1 + (0,i/))iV((is,(iz.) 



*^ / Z,_(0)(e-<<^'^> -l + {cl),u))N{ds,du) 
Js{R)° 



t+ 



Z,_((/.)(e-<'^'^> -! + (</', iy))N{ds, du) 

V5(K)° 

is a purely discontinuous local martingale. Therefore, 

dZt{(t>) = Zt-m-dUt{4>) + Uct{^)+ [ (e-^'^'-'^ -l + {^,u))N{dt,du)] 

^ Js{R)° 

+d{loc.mart.). (2.31) 

Step 3. Since Zt{(t)) is a special semimartingale we can identify the predictable components 
of locally integrable variation in the two decompositions ()2.27p and ()2.3ip to get that 

Zt-m-\{a<l,\u:t-) + \ I {h{z--)<P\u:t-fdz + {^{<j)),LOt_)]dt 
= Zt^{<\>)\-dUM) -r\dCM) I (e-^'^''^) -l + (,^,Zv))iV((it,dz.)]. 

Then 

t 







= -VM) + \cA<i>) + [ [ {e-^^'"^ -! + (</', iy))N{ds, du). (2.32) 
^ JO J5(IR)° 

According to (j2.28p and (j2.29p . we can deduce that Ct{e(j)) = e^Cticf)) with 9 > 0. Replacing (p 
by 9(1) with 6* > in (f02]) . we have 

* 1 9^ f O'^ 

-(a0",u;^)ds + — / / (/i(z -•)(/)', a;s)^(i2;(is + — / {acp'^ ,LOs)ds 
Q ^ ^ Jo Jr ^ Jo 

ft f /'OO 

+ ds uj,{dx) / 7(x,rfe)(e~^^'^^") -l+^?</'(^)) 

Jo -^^2 t 

= -9Ut{(t>) + %Ct{(l))+ f [ {e"'^''''''^ -l + 9{(l),u))N{ds,du). (2.33) 
^ JO Js{R)° 

We conclude that 

a(</>)= [ ds [ {h(z -■)(!)', iOsfdz+ [ {a(t?,u:s)ds (2.34) 
Jo Jr Jo 

and 

* / (e-'^^-^''^) - 1 + e{<p, u))N{ds, du) 
Js{R)° 

t f fOQ 

ds / iVsidx) / 7(x,d0(e"^^'^^'''^^-l + e('^x,^</')), 

JR JO 

where 6* > and </) G C2(M)+. That is, under the jump measure N has compensator 

N{ds,du) = dsiOsidx)-f{x,dO -S^sAdi^), G M(M). (2.35) 



In particular this implies that the jumps of u: are Q^-a.s. in M(M), i.e. positive measures. 
Observe that for {(j^i}}^^ C C72(R)+, Mf (0i + (/.a) = M^{(l)i) + M^{(l)2). According to (ITMI) . 



{M'{(t>i),M%4>2))t 



p{x - y)(l)[{x)(l)2{y)ujs{dx)uJs{dy)ds 



If 

+ n p{x-y)(t)'2{x)<P'i{y)uJs{dx)u)s{dy)ds 
+ / {a(j)i(t)2,u;s)ds. 



(2.36) 



Step 4- Let Ji((/), I/) = ((/>, ,^^>i} and J2{(j),i^) = (</), i^)l{(i^i,)<i}. First, one can check 

that 



Ji{(p, v)N{ds,dv) 



< oo and Q, 



J2{<p,yfN{ds,dv) 



< oo 



for (p £ C^(M)"^. Then following the argument in Section 2.3 of [12] we obtain the martingale 
property of M'^{(j)). By Proposition 2.1.28 and Theorem 2.1.33 of [9] we can deduce that 



t+ 



jm{r) 



Ji{4>,u)N{ds,du) 



t+ 



jm{r)° 
t 



Ji{(l),i/)N{ds,du) 



Ji{(t>,u)N{ds,di^), t>0, 

'0 JM{R)° 

is a martingale and 

/ / J2{(l),i^)N{ds,du), t>0, 
Jo Jm(r)° 

is a square-integrable martingale with quadratic variation process given by 

^[ J2{(l),iy)N{ds,diy))t= [ [ J2{cl),ufN{ds,du). 
Jm{r)° Jo Jm{r)° 



Recall that 



Mf (</)) = MM - Mf{(^). 



The fact that both M'^^cp) and M((f>) above are martingales yields the martingale property of 



M'^(6). We are done. 



□ 



Lemma 2.3 Let be a probability measure on {i^,J-) such that it is a solution of the 
martingale problem. Then 

sup (1, Ws)] < oo. 



0<s<t 



Proof. According to Theorem 12.31 and Step 4 in its proof, we have 



{l,u;t) = {l,f,)+Mt'il)+ I I {l,u)N{ds,du) 

10 Jm{R)° 



is a martingale and we obtain 



sup {l,UJs 
0<s<t 



< (l,Ai) + QM 



sup \M^{1) 

0<s<t 



sup I / / .72(1, i^)N{ds,di^)\ 
0<s<t Jo 



sup ; / Ji{l,u)N{ds^du) 
o<s<t Jo 

sup / / Ji{l,u)N{ds,du) 

0<s<tJo J 



sup [/ / J2{l,i')N{ds,di^)Y 
0<s<t Jo 



< (l,/z)+4Q^[a(l)]+2 + Q^ 

POO rt 

+2sup / ^jix,dO / Q^[(l,u;,)]ds 

X Jl ^Jo ^ 

< (l,A^)+2 + 4||a|| / Q^[(l,u;,)]ds + 4sup / ei{x,do[ Qf,.[{l, 0Js)]ds 

Jo ^ Jo Jo 

^7(x,d0 / Q^,[{l,uJs)]ds 

< (l,Ax)+2 + C2(<T,7)(l°^)i, 

where C2(ct,7) := 4||o"|| + 2 sup^ J-j°° ^7(x, d^) + 4sup2, Jq^ ^^7(x, d^) and the second and the 
third inequahties follow from Doob's inequality and the elementary inequality < rc^ + 1. We 
complete the proof. □ 

In accordance with the notation used in Theorem 12 .31. set 



jm{r)° 



^ ■ '^{{\,v)>i}'^{<i'S,dv). 



By Theorem 12. 3t 



Jo Jo Jm{r)° 



t+ 



Thus if F(^) = /((0i,^), 



10 JM{R)° 
, /i)) G T^{J~-), then by Ito's formula 



.'yn{{i,u)>i}N{ds,di^). (2.37) 



It :=FiX[) + - V / ds iJ.idx) / ^ix,dOfi{^uX^), - ■ ■ ,{^n,X^))^Mx) 



ds / / ^{x,dO{fm,Xt)+^Mx),--- ,{^n,X^)+^Mx)) 



JO 

fi{^i,Xt), 



bn,X^)) - CX;</>i(x)f ((</'l,Xf'), • • • , {<Pn,X^))} 



i=l 



is a local martingale under Q^. 

Let = inf{t > : {l,0Jt) > l + {l,fi)} AT and = inf{t > : 1(1, Wt) - (l,Wt-)| > /}• Set 
r = A r^. The following lemma gives another martingale characterization for X^. 



zu 



Lemma 2.4 Let be a probability measure on (0,^^) such that P^(wo = /u) = 1. Then 



iAr 





ds / ti;s((ix) / S,<p{x)^{x,d^) 
J/ 

/ LOsidx) / (e-«<^(^) - l + C0(x))7(2;,dO ^ (2.38) 

J 

is a P ^-martingale for every cj) G C^(M)"'"^ i/ and only if {ItAr} is a P fj,-martingale for each 
F G V{C). 

Proof. The desired result follows from the formula of integration by parts and the same 
argument as in the proof of Theorem 7 of [7] . D 

The next two theorems are analogous to Theorem (3.1) and Theorem (3.3) of [16] . 

Theorem 2.4 Given a probability measure P on {^,J-') such that P(u;(0) = fi) = 1 and {I{t A 
t) : t >0} is a P-martingale. Define 

and 

P'{A)=P[SUA)], A^T, 
where S^^ is a measure on (r2,.F) satisfying 

SUAiHA^) = lAA^)Q\rH,x^^^/^^) 

for Ai G (t{[Jo<s<t{w) ^s) and A2 € -F^^'^^ Define Tr^ = (y{X^f,r : * > 0}. Then P' is also a 
solution of (£', fi) -martingale problem and P = on Tr~- In particular, we can take P = Q^. 

Proof. Let < ti < t2 and A € J-t^- Given a; € ri, for this proof only, let y{t,ij) denote the 
position of to at time t for convenient. Let F € 'D{C). Then 

P'[lAF{yt,)\ = P[Un{.>t2}^(^tt)] + P[lAn{t,<r<<.}Q;H,xL^^[i^(ytJ]] 
+P[l{r<t,}^u[lAF{ytM =h + h + h. 

By the martingale formula of Q' 



}F(X,^)]+P'[l^n{t l<r<i2} / ^'P{yu)du\ 



and 



h+h =P[lAn{r>t,}F{Xi^At,)]+'P'['^An{t,<r<t,} l'c'F{yu)d 

l-TAt2 

= P[lAn^^>t,}F{Xf:J+P[lAn{r>t,} / C'F{yu)du] 
+P'[lAn{r>t,} [ ' C'F{yu)du] 

JrAto 



Jti 



where the second equality follows from that {ItAr} is a martingale and the fact that F{Xi) — It 
Jq CF(ujs)ds for T > t. On the other hand, 



/3 = P'[lAn{r<ti}^(yti)] + P'[lAn{r<ti} / ' C'F{yu)du]. 

Jti 

Thus P' solves the (£', ;u)-martingale problem. Then the desired conclusion follows from the 
uniqueness of the /i)-martingale problem. □ 

Theorem 2.5 Let M;(R) = {v : (1, u) > I}. There is a !Ft— -immeasurable function r' : O — [0, T] 
such that for T £ ^{Mi{R)), 

rT-{- pr' rt p poo 

Nids,r)\J^r-]= exp{- ds X^^^idx) jix,dO}KiX,\,,r)dt (2.39) 
Jo Jo Jo Jr Ji 

holds for any solution to the {£., fi) -martingale problem. In particular, is uniquely deter- 
mined on Tr- 

Proof. In accordance with the notation used in Theorem 12.31 we have 

\ N{ds,r)= / N{ds,T)+ / N{ds,T), (2.40) 
Jo Jo Jo 

where N{ds, T) is determined by (I2.35|) . An application of Ito's formula and integration by parts 
shows that ^ 

Jf :=exp[a [ N{ds,r) - [ (e" - l)iV(ds, T)] 
Jo Jo 

is a Q^-martingale for all a € M. Combing ()2.37p and ()2.40p together and using Ito's formula 
and integration by parts again we see It{(j))J" is a Q^-martingale for all cp G C^(M)+"''. By 
Theorem 12.41 and Lemma l2.4| It{4>), Jt, Q', and J-r- satisfy the requirement of Theorem 
(3.2) in [16]. Hence, for any bounded stopping time t^, 

Q/.[^SI-^r-] = 1 (a.s.,Q^). (2.41) 

Since is a stopping time and < T, we can find a measurable function / : (M(M))'^ — > [0, T] 
and 0<ti<---<t„<---<T such that 

= /('^ti,-- - ,'^tn>---)- 

Define 

Note that = r' if < r^. On the other hand, 

Q^r < t\Tr^] = l[o,t](r')Qp,[T2 > T^\J^r~] + Q^, [t^ < A t\Tr~] 

= l[o,t](r)Q^[l- r N{ds,Mi{R))\^r-] 
Jo 



+Q^[/ N{ds,Mi{R))\Tr-]- 
Jo 

According to (|2.4ip , 

ritAT)+ 

N{ds,T)\Tr^] 

Jo 

= Q^[ Nids,T)\Tr-] 
Jo 

ft r roc 

= %,[t > s\FrA X^Aridx) 7(x, erj^^s (2.42) 

Jo Jr Jo 

for any T G <B(Mz(M)). Thus 

Q^[t < = l[o.t](r') (l- [ Q^[r > / X^^,{dx) [ j{x,dOl{^s.eMm}'^') 

\ Jo Jr Jo J 

+ / Q^,[T>s\Tr^] / X^/,^{dx) / -f{x,d(,)l{^s^^Mi{R)}ds 
Jo Jr Jo 

and so 

f'if /"oo 

Q^[t > = l(t,oo)(r')exp{- / / X^^M^) / 7(^,f^0}- 

JO Jl 

Plugging this back into (j2.42p and setting t = T, we obtain (j2.39p . 

Finally, since uJr = X^ + JJ"^ J i'l^i ,y^^ijN{ds,dh>), we see that the distribution of ujr under 
given J^^-- is uniquely determined, and, therefore is uniquely determined on ^t-- D 

Lemma 2.5 Let be a solution of {C, fi) -martingale problem. Given a finite stopping time 
fJ, let be a regular conditional probability distribution o/Q^|^^. Then there is an N £ 
such that Q^{N) = and when to ^ N 

rtyi3{u)) 
Jl3{uj) 

under is a martingale for F E T)q{C). In particular, it is a local martingale for all F £ ^(>C). 

Proof. The argument in this proof is exactly the same as that in Theorem 6.1.3 of [17]. We 
omit it here. □ 

Now, we come to our main theorem in this subsection. 

Theorem 2.6 Suppose that for I > 1, the {C , fi) -martingale problem is well-posed. Then 
uniqueness hold for (C, fx) -martingale problem. 

Proof. Suppose is a solution of {C, /i)-martingale problem. Define /3o = and 

Pn+i = (inf{t > Pn : \ {l,i^t) - {l,uJt-)\ > I or (l,wt) - (l.W/jJ > /}) A + /). 

Then for each n > 1, /?„ is a stopping time bounded by nl. By Lemma 12.51 and Theorem 12.51 
we can prove by induction that is uniquely determined on J^^^ for all n > 1. In order to get 
the desired conclusion we only need to show that Q^(/3n < i) ^ as n — > cx) for each t > 0. 



Let /3o^ = and /3g = 0. Define 

/3;^+i = inf{t>/3i:(l,a;i)-(l,^^i)>/} 

and 

al^^ = inf{t > fil : {l,ujt) - > /}. 

It is easy to see that in order to get tlie desired conclusion it suffices to show that (/3^ < ^ 
and Q^j(/3^j <t)—>Qasn—> oo. First, by Lemma [531 we can deduce that 



hm Q^(/3i < t) = 0. 



Then 



0<s<i 
<-t+ 



0<s<t 
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But according to the Step 4 in the proof of Theorem 12.3^ 

'•t+ 



JM{R) 



\'^,^)'^{{i,u)>i}N{ds,du) 



< oo, 



which yields that 



hm Q^iPl <t) = 0. 



□ 



3 Existence 

3.1 Interacting-branching particle system 

We first give a formulation of the interacting-branching particle system. Then we construct a 
solution of the /i)-martingale problem by using particle system approximation. We recall 
that 

1 d"^ 1 (9^ 

1=1 ij=i,j^j 

Suppose that Xt = (xi(t), • • • ,Xm{t)) is a Markov process in generated by G™". By Lemma 
2.3.2 of [2] we know that Xt = {xi{t), ■ ■ ■ ,Xm{t)) is an exchangeable Feller process. Let N{]R) 
denote the space of integer-valued measures on M. For ^ > 0, let Mg{W) = {6~^a : a E A^(]R)}. 
Let C be the mapping from W^^iW^ to Mg(R) defined by 

^ m 

C{xi,- ■ ■ ,Xm) = -^^Sx,, m > 1. 

i=l 

By Proposition 2.3.3 of [2] we know that Ci^t) is a Feller Markov process in Me(M) with generator 
Ae given by 



Z4 



If, ^ <f S^F(fi) ,,,,,, , , 

In particular, if 

F(^) = /((,/.i,/x),-.. ^i)), /xGMe(M), (3.2) 
for / € C2(M") and {(pi} C C^{R), then 



1 " 

1 " /■ 

Now we introduce a branching mechanism to the interacting particle system. Suppose that for 
each x G R we have a discrete probability distribution p{x) = {pi{x) : i = 0,1, ■ ■ ■ } such that 
each Pi{-) is a Borel measurable function on M. This serves as the distribution of the offspring 
number produced by a particle that dies at site x G M. We assume that 

oo 

^ip,{x)<l, (3.4) 

i=l 

and 

oo 

ap{x) := ^z^pi(x) (3.5) 

1=1 

is bounded in x G M. For < z < 1, let 

oo 

g{x,z) := '^pi{x)z\ (3.6) 

1=0 

Let Tg{fi,di') be the probability kernel on Mg(R) defined by 

/ Fi,y)Teifi,du) = -i- {f^Pjix)F (/. + (j - 1)6-^6,), A , (3.7) 

where fi G Mq(R) is given by 

i=l 

For a constant A > 0, we define the bounded operator Be on B{Me(K) by 

BeF{fi) = X6{eA{l,fi))[ [F{u)-F{fi)]Te{fi,du). (3.8) 



For ^0 generates a Markov process on Mg{K), then Cg := Ag + Bg also generates a Markov pro- 
cess; see Problem 4.11.3 of [Hj. By martingale inequality and Theorem 4.3.6 of [U], we obtain that 
the corresponding Markov process has a modification with sample paths in D{[0,oo),Mg{M.)). 
We shall call the process generated by Cg an interacting-branching particle system with param- 
eter (a, /3, 7, A,p) and unit mass 1/6. 



3.2 Particle system approximation 

Recall that 

-I roc pi 

*o(x, z) := -a{x)z^ + ^j{x, di)z + (e'^^ - 1 + zi)-f{x, dS). (3.9) 

According to the conditions (i) and (iii) on the a and 7(x,d^), ^Q{x,(j){x)) G C(M) can be 
extended continuously to M for ip € Cg(M)^"*". And, if 

F(/x) = /((0i,^),--- ^)), ^GM(M), (3.10) 

for / G C2(M") and C C2(M), then 

1 " 

^F(^) = -J] r ((</>!,;«),•••,(</.„, ;u))(ac/.f,/.) 

1 " /■ 
+^ E r ((01, Z^),-- - /^)) / p(x-y),/.:(x),/.;.(y)^*2(^^^y) 

and 

S'F(m) = - P((<Ai,/x),--- ,(</'n,/x))(a<^,</.„/.) 

/" /"CO 

- / tJ-idx) I £.-i{x,d^)y^f{{(l)i,^),--- ,((/>„, /x))(/>i(x) 

JM. Jl -^j^ 

+ / l^{dx) / {/(((/>i,/x) +^(/)i(x),- ••,((/)„, /i) +^(/)„(x)) 

JO 

n 

1=1 

Suppose {Xf ^ : t > 0} is a sequence of cddldg interacting-branching particle systems with 
parameters {a, p,'~f, Xf:,p^^^) and unit mass 1/k and initial states Xq = /x^ S Mfc(M). We can 
regard {xj:''^ : t > 0} as a process with state space M(M). Let 0"^ and gk be defined by p.Sp 
and (|3.6|) respectively with pi replaced by pf'^ . Let 

Mx,z):=kXk[gk{x,l-z/k)-{l-z/k)], 0<z<k. (3.13) 
We have that ^^fc(x,0+) = Afc[l - £gk{x, 1)] and ^Mx,0+) = Xk^^/k. 

Lemma 3.1 Suppose that the sequence {XkCTp/k} and {{l,pk)} are bounded. Then {xj:''^ : t > 
0} form a tight sequence in Z)([0, +oo), M(R)). 

Proof. By (|3.4p . it is easy to see that {{l,xj:''^) : t > 0} is a super martingale. By using 
martingale inequality, one can check that {xj.'^^ '■ t > 0} satisfies the compact containment 
condition. Let Ck denote the generator of {X^^^^ '■ t > 0} and let F be given by (I3.10p with 
/ G C^(]R") and with each 0^ G C|(M)++. Then 

F(xf )-F(xf )- f UF{X^J^y)ds, t>0. 



is a martingale and the desired tightness resuh fohows from Theorem 3.9.4 of Ethier and Kurtz 

m- □ 

In the sequel of this subsection, we assume {cpi} C Cj(M). In this case, (|3.1U|) . and 
()3.12p can be extended to continuous functions on M(R). Let AF{fi) and B'F{fi) be defined 
respectively by the right hand side of the (l3TT]l and (fXT2]l and let = AF{iJ,) + B'F{fi), 

all defined as continuous functions on M(M). 

Lemma 3.2 Let Vq{C') he the totality of all functions of the form VJ.1IJI\) with f S Cq(M") 
and with each (pi E Cg(M)''"^. Suppose that — > ^ G Af(IR) as k +00 and the sequence 
{XkCTp/k} is bounded. If for each h > 0, Tpk{x,z) —> '^q{x,z) uniformly on M x [0, /i] and 

^VfcC^^) 0+) ^^'o(x,0) uniformly onM. as k ^ +00, then for each F G 'Do{jC.'), 

F{ujt) - F{ujo) - [ C'F{uJs)ds, t > 0, (3.14) 
Jo 

is a martingale under any limit point of the distributions of {X^^^ : t > 0}, where {ujt '■ t > 0} 
denotes the coordinate process of D([0, 00), M(M)). 

Proof. By passing to a subsequence if it is necessary, we may assume that the distribution of 
{Xf^ : t > 0} on L»([0, +00), M(M)) converges to Q^. Using Skorokhod's representation, we 
may assume that the processes {Xf ^ : t > 0} are defined on the same probability space and 
the sequence converges almost surely to a cadlag process {Xt ■ t > 0} with distribution on 
L>([0, 00), M(M)) ([g, p.102). Let K{X) = {t > : P{Xt = Xt^} = 1}. By Lemma 3.7.7 of [S], 
the complement of the set K(X) is at most countable and by Proposition 3.5.2 of for each 
t S K{X) we have a.s. limf^^^ X^''^ = Xt. Our proof will be divided into 3 steps. 
Step 1. We shall show that 

MticP) := {(P,Xt) - {cP,Xo) - - / {acP",Xs)ds + ds X,{dx)<P{x) / C-/{x,dO, t > 0, 

^ Jo Jo Jr Ji 

(3.15) 

is a square-integrable martingale with </> G Cg(M). First, Fatou's Lemma tells us E{l,Xt) < 



liminf E(l, X^*^''). On the other hand, for /i^ G Mfc(M) we can get that 

fc— >oo 



Then for t G K{X) 



B{l,Xt) < liminfE(l,Xf ^) < liminf E(l, X,^ < {l,Xo) (3.16) 

k~*oo k^oD 



and a.s. 



1 / / 

hm Ck{^,xl^^) = C'{^,Xt) = -{a<P",Xt) - / Xt(dx)0(x) / Cj{x,dO- 

^-♦oo ^ Jr Jl 

Suppose that C C{M{R)) and C K{X) with < ii < • • • < t„ < Then 

B{[{cP,Xt^^,) - {<p,XtJ - / C'{<P,X,)ds] llH.iXt^)} 



It 



j=l i=l 
i=l 

n n 

lim E{ J n (^?^ ) } - ^ i ^^'^ ^ n ^« (^?^ ) } 

j=l j=l 
-^lim / E{A(<A,^?^)n^^(4 )}^^ 

/■i -1-1 ^ 

lim E{[(<^,x(f|^) - - / " L^{4>,Xf))ds\X\il,[xf)) 

J tn 1 



fc— >oo 

= 0. 

Since {Xt : t > 0} is right continuous, the equahty 

1=1 

holds without the restriction {UYltl C That is (ITTB is a martingale. Observe that if 

= with / G C^(M), then Ai^(^) = and is equal to 

^|^^E(^- - i)^(P.r((i,/^) (3.17) 



for some constant < < (j — 1)/^. This follows from Taylor's expansion. Recall that the 



sequence {AfcCTp/A:} and {(1, /i^)} are bounded. By the same argument as in the proof of Lemma 



12.11 we have 

supE(l,xf))2 < oo. 

k 

It follows from the Fatou's Lemma that E(l,Xt)^ ia a locally bounded function of t > 0. Thus 
()3.15p is a square-integrable martingale. 

Stey 2. We shall show that under 

exp{-((/),u;t)} - exp{-((^, Wo)} - / exp{((/), t > 0, (3.18) 
is a martingale for ^ G C|(M)"'"+. Let € Mfc(M) is given by 



i=l 

Note that 

Aexp{-(0,/ifc)} = -^exp{-((/>,;Ufc)}(o(/)",^fc) + ^ exp{-((/>, /Xfc)}((c0')^, /i^) 

+^exp{-((^,/ifc)} / p(x - y)0'(x)(/)'(y)/ifc((ix)/ifc(dy) (3.19) 



and 

Sfcexp{ -((/>, /ife)} 

oo oo 
j=0 i=0 

= exp{-(,^,^fc)}/ ^^^^;^^^V ;.(x,A:-fce-'^(-)/^)e'^(-)/^/.,y (3.20) 
\ Ai/c(l) / 

Since for each h > 0, tpk{x,z) ^q{x,z) uniformly on M x [0,/i], we conclude for t G K{X) 
a.s. linifc^oo >Cfcexp{ -((/), Xf^)} = £' exp{ -((/>, Xt)} boundedly by (ITOD . (l3lB . (I3:20D and the 
definition of By the same argument as in Step 1 we can get that (I3.18P is a martingale. That 
is 

WM) :=e-<<^'^*>- f e-'^*'''^\-\{acp\Xs) + \ f{h{z - ■)<P' , X^fdz + {^o{cl)), Xs)]ds, t>0, 
Jo ^ ^ 

(3.21) 

is a martingale with (j) G Cj(]R)++, where ^'o((A) := o{x , cl){x)) . Then {exp{-((/), Xt)} : t > 0} 
is a special semi-martingale with (/> G Cg(M)~'"^. 

5tep 5. Let S{M) denote the space of finite signed Borel measures on M endowed with the 
cj-algebra generated by the mappings ^ for ah / G C{R). Let S{R)° = S{R) \ {0}. We 

define the optional random measure N(ds, dv) on [0, oo) x 5(IR)° by 

N{ds,diy) = ^l{AXsm^i'^AXs)ids,du), 

s>0 

where AXs = Xg — Xg- G /^(M). Let N(ds, dv) denote the predictable compensator of N{ds, dv) 
and let N{ds, dv) denote the corresponding measure. By the same argument as in the proof of 
Theorem 12.31 we can obtain that for (p G Cj(M) 

= [\a(l)",Xs)ds + M^{(P)+ r [ _ v{^)N{ds,dv) 



'0 JSiR) 

ds lXs{dx)(P{x) I ^jix,dO, (3.22) 



where ((/)) is a continuous local martingale. We also conclude that the jump measure of the 
process X has compensator 

N{ds,dv) = dsXs{dx)l{o^^^i}j{x,dO ■ 5^&Sdv), i/ G M(R) \ {0}, (3.23) 

and for C Cj( 



{Nn(t>i),M\<j)2))t = \ f i p{x - y)(t>[{x)cp'^{y)Xs{dx)X,{dy)ds 

+ n p{x - y)(l)'2{.x)(l)'i{y)Xs{dx)Xs{dy)ds 
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2 

+ / {a^i(t>2,Xs)ds. (3.24) 



Let / G C^(M") and C C^(M)++. By (pm]) . (pm]) . (fM]) and Ito's formula, we obtain 

i=i 



i,7 = l ° 



" ft 



+ f'ds fXsidx) [\{x,dO{f{{(puXs)+CM^)r-- A<Pn,X,)+^M^)) 



+ {loc.mart.). 



i=l 



Hence 



F{Xt) - F{Xo) - f C'F{X,)ds, t > 0, 
Jo 



is a local martingale for each F G PqI^C')- Since / G C^(M") and </>i G C2(IR)++, both F and 
C'F are bounded functions on M(M). Thus p.l4p is martingale. We complete the proof. □ 

Lemma 3.3 Let T>q{C') be as in Lemma Then for each fi G M(R), there is a probability 
measure on D{[0, oo),M(K)) under which Iji3.14\ ) is a martingale for each F G T)q[C'). 



Proof. We only need to construct a sequence ipkixjz) such that for each h > 0, 
Let ^i{x, z) = ^(t(x)z^ + /J(e~^^ — 1 + z^)7(x, dS). We first define the sequences 



^q{x,z) uniformly on M x [0, /i], and ■^il)k{x,Q+) ^^'o(x,0) uniformly on M as A; ^ +00. 
Moreover, {-^'4^k{x,^+)} should be a bounded sequence. 



Ai,fc = 1 + A;| + sup /' e(l - e-'=«)7(x, d^ 

X Jo 



and 

gi,k{x, z) =z^ — . 

It is easy to check that gi^ki^^^) = 1 a-nd 

^9i,kix, z)>0, X G M, < z < 1, 

for all integer ?i > 0. Consequently, gi^kix, ■) is a probability generating function. Let ipi^k{x,z) 
be defined by (|3.13|) with {Xk,9k) replaced by {\i^k-,gi,k)- Then 

'i/'i,A:(a;, z) = ^i(a;,2;) for Q < z <k. 

Let := ^7(x, d^). Suppose ||6|| > 0. Set 

g2,k{x,z) = z+\\b\\-^b{x){l- z). 



6U 



Then g2,k{x,-) is a probability generating function. Let A2,fc = ||^|| and let ip2,k{x,z) be defined 
by (j3.13p with {Xk,9k) replaced by (A2,fci 92,fc)- Then we have 

ip2,k{x,z) = b{x)z. 

Finally we let = Ai^^ + X2^k and = X'j^^{Xi^k9i,k + -^2,fefl'2,fc)- Then the sequence ipk defined 
by (|3.13p is equal to ipi^k + '4'2,k which satisfies the required conditions obviously. □ 

Theorem 3.1 Let {ujt ■ t > 0} denote the coordinate process of D{[0,oo),M(R)). Then for 
each /i G M(M) there is a probability measure on D([0, oo), M(]R)) such that {uJt '■ t > 0} 
under is a solution of the {C , fi) -martingale problem. 

Proof. For each /i G M(M), let be the probability measure on -D([0, cx)), M(M)) provided by 
Lemma 13.21 We claim that for any T > 

Qf,{uJt{{d}) = for all t G [0,T]} = 1. 

Consequently, is supported by Z?([0, oo), Af(]R)). In fact, for any (p € Cg(M)+, by Step 1 in 
the proof of Lemma 13.21 

Mt(</.) := ((/.,cjt) -((/., /i)-- / {acP",0Js)ds+ / ds / u;s{dx)cP{x) / Clix,dO, t>0, (3.25) 

^ Jo Jo Jr Ji 

is a cadlag square-integrable martingale with quadratic variation process given by 

{M{(t>))t= f {{^+ f ei{-,dO)<p\u;s)ds+ f ds [{h{z--)4>',cOsfdz. 
Jo Jo Jo Jr 

For A; > 1, let 

exp{- i^^p^fc^}, if l^l > k, 



(t>k{x) 



0, if \x\ < k. 



One can check that {(j)k} C Cg(M) such that livii\x\^oo 'Pkix) = 1, lini\x\-K>D ^'ki^Y = and 
0fc(') boundedly and pointwise. Wfp'kW ^ and — > as /c — > oo. Let ctq = 

a + /oC^7(-,c?C)- By Theorem 1.6.10 of [8], we have 



Q^{ sup \Mt{(l)k) - Mt{^j)\^} 

0<t<T 

r-T rT 

< 



4/ Q^{(ao(</.fe-0,)2,u;,)}(is + 4 / ds [ Q^{{h{z -cl)'^),LOsf}dz. 
Jo Jo Jr 

By dominated convergence theorem, Q/i{supo<t<7- {Mt^cpk) — Mt{4>j))\'^} — > as k,j 0. There- 
fore, there exists = {M^)t>o such that for every t > 0, 

Q^{|Mt((/<fc)-Mf|2}^0 

and 

sup \Ms{(f>k) - Mf I ^0 in probabilty 

0<s<t 

as A; ^ 00. We obtain has cadlag path. By Lemma 2.1.2 of [8], is a square-integrable 
martingale with zero mean. It follows from ()3.25p that 



Mf :=a;t({a})+ / dsu;,{{d}) / Clid,dO 
Jo Ji 



is a cadlag square-integrable martingale with zero mean. Thus Q^(u;t({(9})) = 0. Then the 
claim follows from the right continuity of : t > O}. We have 



F{ujt) - F{uJo) 



[ C'F{uJs)ds, t > 0, 
Jo 



is martingale for F € T>o{C'). Thus by Remark 12. H it is a local martingale for F G 'D{C). □ 

Combining Theorem 12.21 and Theorem 13.11 we get that the {C\ ;Li)-martingale problem is well- 
posed. The following theorem will show that the existence of solutions to (^C, /i)-martingale 
problem. 

Theorem 3.2 For each ^ € Af(]R) there is a probability measure on {0,,J^) such that is 
a solution of the {C, fx) -martingale problem. 

Proof. Let An(/x) = l{(i.^)<„} / fJ-{dx) ^{x,d(,) and define a transition function on Af(]R) x 
!B(M(M)) by 



is^{du), f fi{dx) j\°°-f{x,dC) = 0, 

[(/ fi{dx) ^{x,dC)y^ n{dx)-f{x,dC)5^+^s^{dv), otherwise. 



T{fi,du) :-- 
Define Bn on B{M{R)) by 

//" /"OO 
{F{u)-F{fi))T{fi,du) = l{(i,^)<„} j Kdx) {F{fji + i5,)-F{fi))^{x,di). 

Since the (£', /i)-martingale problem is well-posed, there exists a semigroup {Q'i)t>o on B{M{R)) 
with transition function given by (|2.19|) and full generator denoted by Cq. We can follow from 
Problem 4.11.3 of [6] to conclude that there exists a Markov process denoted by = {X^ : t > 
0} whose transition semigroup has full generator given by Cq + Bn. In the following we assume 
that Xq = fj, a.s.. Thus (£o-|-S,i,//)-martingale problem is well-posed. Since C + Bn C C'^ + Bn, 
X^ is also a solution of (£' -|- //)-martingale problem. Let C/„ := {fj, G M(M) : (1,/i) < 
n}. According to Theorem 4.3.6 of [6], there is a modification of X^ with sample path in 
L>([0,oo), M(M)). Set 

r" := inf{t > : (l,Xf) > n or (l,Xf„) > n} 

and X^ = X!\^n. Then X" is a solution of the stopped martingale problem for {C,Un) and 
by Theorem 4.6.1 of [S], X" is the unique solution of the stopped martingale problem for 

{C'o + Bn,S^,Un). Put 

tJ: := mi{t > : (l,^,") > A: or (I,!,".) > k}. 

For k < n, X^atJ} ^ solution of the stopped martingale problem for (£q -|- Bk, 6^, Uk) and hence 
has the same distribution as X^ . On the other hand, since X" is a solution of the stopped 
martingale problem for {C,Un), it follows from Lemma 12.31 that 

supE sup (1,^") < oo. 

n 0<s<t 

Thus for each t > 0, 

lim P{r" < t} = 0. 



SI 



For any A:, m > 1, let ^ Y"^ be two D{[0, oo), M(]R))-valued random variables such that they 
have same distributions with and X"^ respectively and Y''[t) = Y"^{t) for t < t^^^. Thus 
the Skorohod distance between Y^ and Y"^ is less than e"'^''^'". By Corollary 3.1.6 of [S], we 
conclude that there exist a process such that X^ =^ Let 

r~ = mf{t > : (l,^^) > n or (l,^-) > n}. 

Since the distribution of X"?^m does not depend on m > X^^oo has the same distribution 
with X". Therefore, 

P{C < n = P{r" < t] 

and for each G ^(>C) 

F(X,-^^)- / CF{X^)ds 
Jo 

is a martingale for each n. We see X°° is a solution of the {C, /i)-martingale problem. □ 

Combining Theorem 12.61 and Theorem 13. 2^ we have that the (/^, /i)-martingale problem is well- 
posed. Thus we complete the construction of SDSM with general branching mechanism. The 
next theorem gives another martingale characterization of SDSM which is a direct consequence 
of Theorem 12.31 and Ito's formula. 



Theorem 3.3 Let {uJt '■ t > 0} denote the coordinate process of D{[0,oo),M{lB.)). Then a 

probability measure on L'([0, oo), M(M)) is a solution of {£., fj,) -martingale problem if and 

only if for ^ G M(M) and (j) E C|(M)^, {{(/), ut)} is a semimartingale which has canonical 
decomposition given by 

{(P^iot) = [ {a^",LOs)ds + M^{(l))+ [ [ (</.,zy)l{(i,^)<i|iV((is,(iz.) 

Jo Jo Jm{m)° 

+ / / {^,u)l^^^,)>^yN{ds,du)- ds LOsidx) ^j{x,dOHx){^-'^G) 
Jo Jm{r)° Jo Jr Ji 

where {M^{(j)) : t > 0} is a continuous local martingale with quadratic variation process given by 

{M'{(t>))t= [ {a(t)\uOs)ds+ [ ds [ {h{z -■)(!)', usfdz, (3.27) 
Jo Jo Jr 

and 



N{ds,dv) = ^ 



s>0 



is an optional random measure on [0, oo) x M(M)°, where Aujg = oOs — ojg- S M(M) and N(ds, dv) 
denotes the corresponding martingale measure. The predictable compensator of N[ds^dv) is 
given by N[ds,dv) = dsK{ujs,diy), where K{^,dv) is determined by 



/ F{,,)Kifi,du)= fiidx) F{CSMx,dC) 
Jm(m)° Jr Jo 



for F e B{M{M)). 
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4 Moment formulas, mean and spatial covariance measures 

In this section, we construct a dual process for SDSM and investigate some properties of SDSM. 
In accordance with the notation used in Subsection 2.2, we can define a function-valued Markov 
process by 

y/ = p/';^r,p^':';-^rfc_i...p^/:V,riP^^«yo, n<t<Tk+i, o<k<Mo-i. (4.i) 

Let X = {Xt : t > 0} be an SDSM which is the unique solution of the martingale problem for C. 
If for m > 2, sup^[/g°° .^'"7(3;, d^)] < 00, then by the same argument as in the proof of Lemma 
12.11 and martingale inequality, we have that 

E sup (l,u;s)™ < 00. 

0<s<t 

Then it follows from the same argument of Theorem 12.11 that 

E (/, Xn = BZ'j [ (r/, > exp { l\2'^^ + _ - l)ds}] (4.2) 

for any t > and / G B{R'^). 

Skoulakis and Adler [15] computed moments as a limit of moments for the particle picture; 
see Section 3 of [15]. Stimulated by [15], in this section, we compute moments via the dual 
relationship ()4.2p . In fact, by the construction ()4.ip of {Y/ : i > 0} we have 



{prf,D 



(y/, /'^o «-p{/(2''^ + ^'^^^ ~ - Ms - l)ds} 



+\ E / E„T_,.,p,., \{YU, /^'-) expl / ""(2^^- + -'^ -Ms- l)ds} 

ij=l,i7^J ° L Jo 

a=2 ^ {a} 

X e^v{fj\2^'' + ^^^^f ~ -Ms- l)ds}]dv^ , (4.3) 



where {a} = {1 < < «2 < • • • < '^a < n-}- We remark that if infa;giR |c(x)| > e > 0, the 
semigroup {Pt^)t>o is uniformly elliptic and has density p^{x,y) satisfying 

pT{x, y) < const • g^^ix, y), t>0,x,ye R^, 

where gt^{x,y) denotes the transition density of the m-dimensional standard Brownian motion 
(see Theorem 0.5 of [5]). In the following we always assume that sup^.[/ C'^^{x,d^)] < 00. 

Theorem 4.1 Suppose that {Q,Xt, Q^) is a realization of the SDSM with parameters {a,p, ^) 
with infa; \c{x)\ > e > 0. Let f € i?(M) and t > 0. Then we have the first moment formula for 
X as follows: 

B{{f,Xt))= [ [ f{y)ptix,y)dyfiidx), (4.4) 

JR JR 

and \/ < s < t, / € -B(M) and g G -B(IR), we have the second order moment formula 
B{{f,Xs){g,Xt)) 



d4 



f{yi){ / g{z)pt~s{y2,z)dz] p1{x,y;yi,y2)dyidy2fi{dy)n{dx) 




+ du fi{dx) dy dyidy2Ps-u{x,y)(T{y)p^{y,y;yi,y2) 
Jo Jm. Jr jr2 

X f{yi) {^j^Pt-s{y2, z)g{z)dz^ 

+ I du I n{dx) dy dyidy2Ps-u{x,y) [ / f^{y,dS,)]pl{y,y;yi,y2) 
Jo Jr Jr Jr'^ \Jo / 

X fiyi) ( / Pt~s{y2,z)giz)dz] . (4.5) 



Proof. (|4.4|) is a direct conclusion of (j4.3|) . Using (j4.4|) and Markov property of X we have 
B{{f,Xs){g,Xt)) = B{{f,Xs){Pt-s9,Xs)). Then 1^ is also a direct conclusion of ([13]). □ 



Following [E], we define two deterministic measures as follows: 

1. The mean measure mt defined on i3(M) by 

mt{A) = ^{Xt{A)). 

2. The spatial measure st defined on B{M. x M) by 

st{Ai X A2) = E{Xt{Ai)Xt{A2)). 

By Theorem 14. 1^ we have following proposition. 

Proposition 4.1 For all t > the measures rrit and st have densities with respect to Lebesgue 
measure, denoted by m{t;y) and s{t;yi,y2), respectively. We have that 



m{t]y) = / pt{x,y)fi{dx) 
Jr 

for all y gM. and 

s{t;yi,y2) = / Ptiy, z;yi,y2)n{dy)n{dz) 



+ ds fj.{dy) / dza{z)p^{z,z;yi,y2)pt-s{y,z) 
Jo Jr Jr 

pi r r /"oo 

+ ds n{dy) dz £,'^j{z,dS,)p1{z, z;yi,y2)pt-s{y, z) (4.6) 



JR JR Jo 



for all yi,?/2 G M. 
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